Managing audit risk and allocating auditing resources are among the major problems faced by external auditors. To address this problem, this paper introduces external auditors to goal programming (GP), an innovative technique that can be used in audit risk models (ARM). The value of an audit report depends on the audit risk: the lower the audit risk, the higher the quality of the audit report. Using GP when calculating audit risk enhances audit quality by helping auditors to manage the multi-choice decision making. However, to date there has been no consideration of GP in ARM. This research provides insights that can be used by audit firms of any size, including those in the Big 4.
Introduction
Managing audit risks and the allocation of audit resources is a big problem for external auditors (Vitalis, 2012) . Audit risk is greater if the auditor fails to detect material misstatements 1 , intentional errors (frauds) or unintentional mistakes (human errors), since these cause the auditor to provide a low quality audit opinion and this increase the auditor's liabilities. In fact, there is a reverse relationship between audit risk and audit report quality. In other words, a lower audit risk is likely to produce higher audit quality and therefore to increase users' confidence in the information contained in the financial statements. To achieve high audit quality, auditors should assign a substantial amount of time, resources and alertness during all the audit stages and procedures, from when they are engaged to perform the audit until they issue the audit report, and should get information from internal and external sources. Auditors should apply a holistic, riskbased approach in order to decrease audit risk and increase the reliability of their audit opinion.
The optimal resource allocation of time, money and staffing is a multi-criteria task and also creates constraint for external auditors. Auditors should limit the resources they use, to maximise their efficiency and the benefits of the audit operation, and should also minimise audit risk through an optimised audit planning model. This paper shows how the goal programming (GP) technique can be used as a complementary tool to measure and control the audit risk and can be applied during the audit plan to assess audit risk. GP is a multi-criteria task technique. The proposed model considers a linear programming approach that uses a multi-objective optimisation system or multi-criteria decision analysis for multifaceted decision making. Dubey et al. (2012, p.42 ) reasoned:
"A major strength of GP is its simplicity and ease of use, hence can handle relatively a large number of variables, constraints and objectives." GP handles multiple, normally conflicting, objective measures, in which each measure is given a goal or a target value. Unwanted deviations from the set of target values are then minimised using an achievement function. This can be a vector or a weighted sum, depending on the GP variant being used. As satisfaction of the target is assumed to fulfil the goal of the decision maker, an underlying satisficing philosophy is developed to perform three types of analysis. The first determines the resources required to achieve a desired set of objectives. The second identifies the degree to which the goals are attained with the available resources. The third determines the best adequate solution with varying quantities of resources and goal priorities.
The remainder of our work is organised as follows. The next section describes GP model generally by relating to audit profession that addresses the relationships between the audit risk model (ARM) and the audit constraints. Then we describe a GP model for audit risk. Afterwards, a simulated model of our paradigm to show how audit evidence are determined by considering the audit constraints. Finally, we summarise our results.
Goal programming model
GP has been used as a mathematical research technique in many different disciplines and for many different purposes (see Ali et al., 2011; Charnes and Cooper, 1961; Ignizio, 1976 Ignizio, , 1978 Ignizio, , 1981 Ignizio, , 1983 Liao and Chih, 2014; Kruger and Hattingh, 2006; Stewart, 2005) . GP was initially introduced in the early 1960s by Charnes et al. (1955) and Charnes and Cooper (1961) as a linear programming model with continuing developments. GP is a multiple-objective programming model with the advantage of simultaneously considering several conflicting objectives under some constraints (Larbani and Aouni, 2011) . The approach has successfully been supported with theoretical developments and successful new applications (Dubey et al., 2012) . Dubey and colleagues surveyed 40 years of GP developments, arriving at the conclusion that:
"The most popular technique for the solution of multi-criteria problems is goal programming (GP), which came into existence under continuous solution space methodology. GP is one of the techniques for obtaining a possible 'satisfactory' level of achieving various objectives: an approach to avoid stretching one's resources too much as it produces bad aftereffects, where a person or an organization instead of maximizing or minimizing an objective may be satisfied by setting up a reasonable goal for the objective to be achieved as closely as possible (p.30)." Dubey et al. (2012) considered GP to be one of the most widely used techniques for solving many real-world managerial multi-criteria decision making problems. The criteria, when they are defined as linear analytic functions of decision variables belonging to a compact feasible set, are feasibly solved. GP is best used for solving linear decision models having more than a 'single' objective, i.e., multi-objective decision-making problems.
Here, we contribute to the existing research literature in two ways. First, we extend earlier multidimensional analyses using a mathematical model to determine the audit risk. Second, our research design differs from those used in earlier studies, and we use GP in a different way for audits by external auditors. Using GP in the ARM has many benefits for external auditors. In addition to the simplicity of the method, which can be used by auditors in optimising audit risks, auditors will be able to determine different 'satisfactory' levels of quality when running the audit plan, by considering the audit objectives. The audit objectives would be met reasonably well by defining the decision variables, such as the reliability of the client's internal control system, the nature of the client's business, and the time, cost and staffing for the audit operation.
Audit risk theory
It is essential for auditors to gain a broader understanding of an organisational environment if they are to assess audit risk (ISA 315   2 ). Current auditing standards emphasise the assessment of the RMM (Carnaghan, 2006) . Ruhnke and Schmidt (2014) gave a general definition of an ARM, stating that the audit risk (AR) is equal to the risk of material misstatement (RMM) times the risk of detection (DR).
The Committee of Sponsoring Organizations (COSO) of the Treadway Commission provides standard guidelines for risk management that can be used for audit risk assessment by external auditors. Risk assessment is one of the five components of the COSO framework. External auditors should be aware of risk-based auditing, which focuses on the treatment of risks in the COSO framework. The Sarbanes-Oxley (SOX) Act of 2002 has increased auditors' responsibilities to detect different audit-related risk components. The SOX Act was passed to prevent significant corporate collapses such as those of Enron, WorldCom, etc. It brought in major reforms in relation to disclosure control [Section 302], the regulation of the accounting profession [Section 303], and the assessment of internal controls [Section 404], and it also introduced corporate governance reforms and other requirements (Giroux and Cassell, 2011) . However, professional auditing standards can clearly help an auditor to develop a sound ARM (Piercey, 2011) . Under Section 404 of the SOX Act, a company's management and external auditors should evaluate and report on the adequacy of the company's internal controls over financial reporting. The Public Company Accounting Oversight Board (PCAOB) has published Auditing Standard No. 5, which requires auditors to "use the same suitable, recognised control framework to perform …[the] audit of internal control over financial reporting as management uses for its annual evaluation of the effectiveness of the company's internal control over financial reporting". PCAOB Auditing Standard No. 3 also requires auditors to document their evaluation in a formal way to support their opinion.
Auditing Sections 312 and 350 of the AICPA Professional Standards assume that there is some uncertainty, stating that the efficiency and effectiveness of the audit of almost all financial statements depend on how the auditors are able to reduce the audit risk. If the audit risk is minimised to a desirable level, then an adequate level of substantive tests will positively enhance the audit quality and the reliability of the auditor's opinion. Thus, auditors should always balance the levels of the audit risk and the substantive tests to attain a desirable level of audit quality. Houqe et al. (2015) provided evidence that a higher quality audit results in (or is associated with) higher quality earnings (Francis and Wang, 2008) , a lower cost of capital, and a lower IPO under-pricing Titman and Trueman, 1986) ; it may appear to be costly but it is actually cost effective (Datar et al., 1991; De George et al., 2013) .
Audit risk model
An ARM generally covers three risk components: inherent risk (IR), control risk (CR) and detection risk (DR). The relationship between these three components is expressed in an audit risk equation in the form:
CR is defined as the possibility that the internal control system is not able to detect material misstatements in business information. IR is the risk of material internal errors related to the complicated nature of a business. For example, the IR in an advanced technological industry is usually higher than that in a traditional industry. DR is the probability that the auditor does not find material misstatements through the audit procedures. Overall, audit risk is the chance that an auditor mistakenly provides a standard unmodified report, meaning a good audit opinion, about the reliability of the financial statements when the financial statements contain a number of serious information risks, and vice versa. Auditing Standard No. 8 issued by the PCAOB provides guidance about audit risks and the model. The guidance defines audit risk as the risk that an auditor issues an incorrect opinion to the users on the truth and fairness of the financial statements. Lowering the audit risk is the most desirable achievement for every auditor in every audit contract. Dusenbury et al. (2000) added analytical procedure risk (APR) to the ARM, giving a new ARM as follows:
Ruhnke and Schmidt (2014) split up Dusenbury et al.'s (2000) formula into two factors: the RMM and the DR.
where RMM is the risk that financial statements have been misstated before the audit process started. RMM is a function of the IR and the CR, both of which can be affected by various other factors. The relationship between misstatements and the various inherent and CR factors is positive under the RMM assumption (Ruhnke and Schmidt, 2014) . RMM eventually leads to an inappropriate audit opinion and therefore low audit quality if it cannot be minimised by the auditor. Ruhnke and Schmidt (2014, p.249 ) justified this as follows:
"Generally, an auditor is allowed to assess inherent and control risk on an aggregated (combined) basis (i.e., RMM) but in the case of significant risks, the auditor is de facto required to evaluate both risks individually."
The audit risk decreases when the auditor:
1 has a comprehensive understanding of the nature of the target enterprise's activities and environment 2 has the professional capacities and experience to exercise due professional care 3 knows that the managers at all levels act with integrity 4 realises that the shareholders of the enterprise rely strongly on the financial statement in their economic decision making 5 recognises that there is a low risk of the client having a financial crisis in the future (systematic risk).
Examples of inappropriate audit opinions that are given because the audit risk is high include unmodified audit reports where a qualification is reasonably justifiable, qualified audit opinions where no qualification is necessary, failures to emphasise significant matters in audit reports, and providing opinions on financial statements where no reasonable opinion should be given because the scope of the audit was significantly limited.
Control risk
The PCAOB auditing standards require the external auditor to assess the effectiveness and the efficiency of the client's internal control systems in providing reliable accounting information; there is a SOX (2002) requirement for both the management and the auditor to give an opinion on the internal control systems in their annual reports. CR arises from the auditor's mistake (s) in assessing the client's internal control system. Chang et al. (2008) identified five factors that they judged to be important in assessing this risk. These are: the employees' and accounting personnel's integrity, the degree of simplicity of the operational style, whether there are regular risk assessments, the effectiveness of the control of the activities, and whether the internal audit department are performing effectively and efficiently. Failure to assess the task properly will mean that the auditor makes risky judgments about the system and therefore either overemphasises or underemphasises substantive points, which, in turn, leads to mistakes in the sample size of the audit evidence. If the internal control system is assessed to be weak when it is actually strong, the auditor will choose more samples, which is a waste of time and money. If the auditor wrongly assesses the internal controls to be strong, the auditor chooses fewer audit samples, increasing the audit risk and making it more likely that a low quality audit report will be issued. The auditor's goal is to minimise the risk by making a true assessment of the internal control systems. One way to assess the internal control systems is to consider the work performed and the evidence collected by the internal auditors (Issa and Kogan, 2014) , which can save time and money for the external auditors.
Inherent risk
The likelihood of producing wrong information because of the absence of an internal control system adds to the IR. Chang et al. (2008) said: "… inherent risk means that under the condition without internal control, the possibility of serious misstatement in financial statements is present (p.1054)". Thus, IR is the risk without considering internal controls; it is a raw risk that has no mitigating factors or treatments applied to it. Wustemann (2004) identified four factors affecting this risk:
1 asset flow 2 assessment of different accounts based on the accounting assumptions adopted by management 3 general business and economic conditions 4 technical development (mentioned in Chang et al., 2008) . Ruhnke and Schmidt (2014, p.252) linked the client's economic position to the IR. Fraud risk is high in the sense of being a high IR. Fraud risk is a sensitive issue not only for external auditors but also for audit committee members. This risk is defined as "… any intentional act or omission designed to deceive others, resulting in the victim suffering a loss and/or the perpetrator achieving a gain". 3 The auditing standards board of the AICPA describes fraud as 'a broad legal concept', and auditors do not make legal determinations of whether fraud has occurred. Rather, the auditor's interest specifically relates to acts that result in a material misstatement in the financial statements. The primary factor that distinguishes fraud from error is whether the underlying action that results in the misstatement is intentional or unintentional. For the purposes of the statement, fraud is an intentional act that results in a material misstatement in the financial statements that are the subject of the audit.
Given Chang et al.'s (2008) study, three factors are important when external auditors are assessing the IR of a client. The first is the frequency of changes at the managerial level and among accounting personnel; the higher the rate at which such employees leave, the higher the IR. Second, managers might receive incentives if the company operates at a profit; if the profit measure is very important for the manager, then the IR is higher. Third, if the accounts receivable or inventory accounts remaining have a serious error then the risk is high, and finally, if the company adjusts its affairs then the risk is higher.
Detection risk
Complex accounting issues such as accounting estimates, accounting measurements based on fair value, asset impairments, and valuation allowances are increasingly important for financial statements (e.g., Barth, 2006) . These complex accounting issues influence the auditor's DR. The DR is the chance that the auditor will fail to detect a material misstatement in the financial statements because of an inappropriate assessment of the CR, IR or fraud risk. In other words, when auditors cannot use the audit procedures correctly, the risk is higher. Since the risk never becomes zero, an auditor can only reduce the risk to an acceptable level by considering the control and IRs. Auditors should always bear in mind that if they cannot adopt the correct audit procedures and so, for example, use the wrong ratio analysis in the analytical procedures, then they will draw the wrong conclusions. The erroneous interpretation of a correct conclusion is another example of this risk, and choosing an incorrect audit methodology to find audit evidence is another undesirable issue that would cause the risk to increase. To determine the DR, the auditor can use the following formula: Chang et al. (2008) recognised two factors in determining the DR: the degree of backup work in past years, and the closeness of the result of the assessment made by the system to the result of the original assessment by the audit manager.
The above discussion results in the following model:
Audit constraints
When an auditor agrees to audit the financial statements of a client, the auditor is mainly constrained by two things: time and cost. Auditors should complete their task within a maximum of four months after the date of the financial statements. The cost of the audit is another constraint. The cost includes the salaries of the auditors at different levels, the cost of collecting evidence, and other costs such as telecommunication costs, insurance premiums, etc. Audit samples have a variable cost and depend on the auditor's assessment of the audit risk. Assessing the audit risk as high means that the auditor must collect more audit evidence. Ultimately, an audit firm's earnings are equal to the total audit fees minus the audit costs for each client. If audit fees are considered to be constant, lower audit costs mean higher earnings for the audit firm. Now, the general research question of our study is:
RQ How should external auditors use a GP model to determine the audit sample so that they minimise the audit risk and maximise their earnings without demolishing the audit quality?
GP in audit risk model
An ARM should be developed by the auditor to measure audit-related risks that can be controlled in the audit process and procedures. An auditor is required to conduct an audit using a limited supply of resources (including time, staff and other costs) and allocating those resources wisely to get the maximum audit earnings and show audit efficiency. An auditor should assess the internal control system of the client carefully to perform the substantive tests. GP could help auditors in the decision-making process that forms part of an audit plan by giving different weights to different audit goals. An auditor's goals are generally to maximise audit quality by minimising the audit risk and by utilising limited resources to perform and conduct the audit. The main target is to maximise the audit quality and reach the summit by producing a reliable audit report. To achieve this, an auditor has multiple objectives (or goals), and GP seems to be a fitting and useful approach to use. In fact, a multiple objective programming tool such as GP considers several inconsistent and sometime conflicting issues together to find the best solution (Change, 2007) . Conflicting audit issues are maximising audit quality and earnings via minimising the audit risks. A GP model should find the best solution by minimising the total of the weighted and valued deviations of the success and goal levels. Since the objectives have contradictory natures, the GP model finds the best compromise solution that can be achieved for the objectives, and this is considered to be the most satisfactory solution. The following figure shows how GP can be used for audit risk-evidence model: 
Mathematical model
In an ARM, we assume that audit risk is a function of its components, that is, CR, IR, DR and ε i to represent other unknown factors. By modifying Zykina's (2004) study, we take (x) as the audit risk variable, and we are required to assume that all components of the ARM should be non-negative. That is, AR will never be zero. Taking x 1 ,…, n as the unknown variables, we must then have:
where
Since no parameter is negative, y = (y1, …, y m )T is used to estimate the degree of stiffness of the system (1). To have a consistent system (1), one may require each inequality to be weakened in relation to its estimate. A generalised solution of the system (1) is a vector x = x* corresponding to the solution y = y* = y(x*) of the complementary linear problem:
F x Py y y F x y Py
Which should satisfy
where Py * is the discrepancy of the inequalities of the ARM and y = y * = y(x * ) is a vector of the estimates of ARM. If the matrix P is positive definite, then the vector of estimates y * (x * ) exists and is unique. To measure the ARM effectively, (x) is assumed to be inconsistent and therefore y * = y(x * ) ≠ 0 and Py * ≠ 0. If the matrix P is positive definite, then there is a generalised solution for any linear system F(x) ≤ 0 with strictly convex functions f 1 (x), …, f m (x) and the compact level sets of M iσ = {x | f i (x) ≤ σ}, i = 1,…, m. The matrix P has column vectors P 1 , …, m ∈ R m in which the coordinates are y 1 , …, y m of the vector and the corresponding functions f 1 (x),…, f m (x). Thus, vector P y has a system of discrepancies (p 1 ,), …, (p m , y), and problem (3) can be transformed into: 
To coordinate (4), the objective is to minimise the following with regards to x: y 1 f 1 (x), …, y m f m (x). A restatement of the objective problem is:
are linear functions. Then, the statement of the GP problem is:
The values of z i , i = 1, …, l are supposed to be attainable and f 1 (x) ≤ t 1 , …, f i (x) ≤ t i , x ∈ S is inconsistent due to the threshold values of t 1 , …, t i not being satisfied. For this reason, the solution of the GP is to minimise ω 1 q 1 , …, ω l q l under the following restriction:
where q 1 , …, q l are variables reflecting undesirable deviations from threshold levels and w 1 , …, w l are positive penalty weights. As analogue of the problem for the system of equalities is to minimise for the following equation : [ ] 
Goal-programming problem statement
Larbani and Aouni (2011) set out an approach for using a GP model in a more effective way. For their model, the problem statement of the ARM is to minimise the audit risk components, that is, CR, IR, and DR, under the constraints of the audit, as follows:
( ) , for 1, 2, , , , and 0, 1, 2, ,
Similarly, Change (2007) proposed a general GP model as follows:
( is a feasible set, is unrestricted in sign) X F F X ∈ where the w i are the weights attached to the i th goal; each f i (X) is a linear function of x 1 , …, x n and g i is the aspiration level of the i th goal. We assume that the external auditors determine the contribution of each audit risk component (CR, IR and DR) to the audit risk, using the factor-related issues, and end up with a professional judgment based on their previous experience. The following steps should be followed to determine the audit risk components. First, the auditor should determine CR, IR, and FR for the client. Second, the auditor should calculate the target weight for DR to determine the eventual overall audit risk weight. Then, the auditor should make plans and determine the time, budget and staffing for the client. The next stage is to develop a GP model to allocate resources effectively and efficiently in order to minimise the overall audit risk. The auditor would use the GP model to come up with a precise prediction of the audit recourse allocation for the required audit sample size. Sample size is determined by the resources available for the audit. Figure 1 shows the whole process. Figure 2 shows the relationship between audit risk and audit sample. Audit risk is a nonlinear function of audit sample. As the curve shows, the value of the audit risk is at the highest level ω when the audit sample is zero. The audit risk is decreased as the audit sample are increased by auditor. The optimal point is where auditor reach to φ where the audit sample size is at ω. Auditors still by increasing the sample size can reduce the audit risk but it would not be economical for auditor to continue to collect more evidence. However, auditor may still continue to collect more evidences where the auditing standards require to do so. But in a common sense, collecting audit evidences increase cost of audit engagement so we assume auditor is logical person to determine the optimal level of collecting relevant and reliable audit evidence to support audit opinion by incurring the lower cost.
Auditors can use GP models in two different ways: GP without giving any priorities to any of the multiple goals, which is called non-pre-emptive GP. This is done by specifying a numeric audit risk percentage for each of the CR, IR, and DR values and then seeking a solution by balancing the distance from each of the goals. Penalty weights are assigned to the objective measures in accordance with the relative seriousness of missing the corresponding goal. Each objective is formulated by an objective function. The minimisation of the sum of deviations of the objective functions from their corresponding goals is the overall objective. The overall problem can then be formulated as a linear programming problem, assuming that all the individual objective functions and the constraints of the problem are in linear form.
The second approach is called pre-emptive GP. Here, a hierarchy of priority levels is developed for the goals, with first priority attention being given to the goals of primary importance. If there are more than two priority levels, those of secondary importance receive second-priority attention, and so forth. This method requires auditors to decide on the order of importance of each audit risk component by focusing on one goal at a time in a given order. For example, the auditor may allocate more importance to CR than to IR or DR in a specific case. In the next section, we show how auditors would be able to use GP in determining the sample size to be applied for various major classes of accounts: assets, liabilities, revenue, expense, and other accounts (e.g., stockholders' accounts, other revenue and expense accounts, etc.) Figure 3 Relationship between audit risk and audit sample (see online version for colours)
Simulation model
Three models can be used for the analysis of audit risk and to determine audit evidence. The first model is the non-pre-emptive model which it does not give any preference or priority to any of the goals. The second model is the sequential and the third one is called streamline pre-emptive method. However, we only show how audit DR can determine the audit evidence using the first model which is non-pre-emptive model.
Non-pre-emptive model
In this model, we assume that the auditor assigns no priority to the goals. The auditor could feasibly use this model by modifying the constant values of the variables for the audit resources. We set out below the stages that need to be followed to determine the optimal number of pieces of audit evidence that should be collected and supported through audit samples for each major account in order to create the final audit opinion.
Stage one
An audit partner should optimise three objectives: minimising the audit risk components to increase audit quality, maximising audit profit, and using the audit resources to achieve the highest level of audit efficiency. High audit quality will be achieved by minimising the audit risk. The main variable is the optimal number of audit samples, as the higher the audit risk, the greater the number of pieces of evidence that must be collected to support the audit opinion. If the auditor uses more audit samples than are needed, the audit costs will be higher, more time will be needed to collect and analyse those extra samples, and staff will spend more time compiling the samples; ultimately, audit quality with be higher as audit risk will be reduced. The auditor may define sample sizes for each class of accounts, of which there are five main ones: assets, liabilities, revenue, expenses and other accounts such as contra accounts (accumulated depreciation, provision for doubtful debts, etc.), stockholder accounts (retained earnings, different shares, etc). There will also be other documents required to support the audit report. The other accounts are usually not many in number, but they may be important in nature. We defined x 1 to x 5 as variables to measure the optimal number of pieces of evidence for the audit:
x 1 = Samples size to be collected for asset accounts x 2 = Samples size to be collected for liability accounts x 3 = Samples size to be collected for revenue accounts x 4 = Samples size to be collected for expense accounts x 5 = Sample size to be collected for other accounts.
Information about the sample size for the previous year's audit could be used as a guide for the sample size in the current year, if the auditor is continuing to audit the same client. If the auditor is doing an audit for a new client, then the auditor will determine the sample size during the audit planning stage by looking at previous experience with clients of the same size and nature. In any case, the auditor will ensure the sample size is correct by using statistical sampling techniques to double check the accuracy of the calculation. ∑ Samples t -1 is the total of sample collected last year for the client. 
∑
The overall goal of the auditor is to minimise the DR, to increase audit quality. To use GP, the auditor must determine the DR for each class of accounts. The overall DR is the sum of the DR for each class of accounts as follows: The auditor's goal is to minimise the DR so that it is less than or equal to 0.2, or 20%, in total. Therefore, suppose the DR for assets, from the above formula, is 0.04 or 4%, and the DR for liabilities is 0.03, the DR for revenue is 0.06, the DR for expenses is 0.04, and the DR for other accounts is 0.02. Accordingly, the first goal constraint will be formulated as follows: 
Goal 2
The second goal is that the operating audit cost budget is less than or equal to the total planned audit costs. The audit partner estimates that the cost of each sample of x 1 to x 5 is $30, $25, $20, $25, and $25, respectively. This could be determined by the following formula:
( ) 
This formula estimates the cost of each sample starting with the total audit cost from the previous year and deducting all the indirect audit costs from the total cost to give the direct audit costs. The auditor obtains the cost for each sample using the number of samples for each class of accounts and dividing the direct audit cost by the number of samples, then multiplying this figure by the percentage increase in the costs for this year. For the asset account, for instance, the estimated cost per sample can then be determined from this formula: 
Goal 3
Maintaining the minimum number of staff for the audit engagement while keeping the audit risk low is another optimisation goal for an audit firm. For example, suppose the audit manager plans to use a fraction of 0.08 staff members to work on the asset account, 0.3 on the liability account, 0.2 on the revenue account, 0.07 on the expense account and 0.3 on the other accounts, but the total number of the staff being used should not be greater than 35. Then, the goal can be expressed in terms of the decision variables as: Suppose, for example, that the task should be finished within 100 days and that the auditor will need for each sample from the asset account, liabilities account, revenues account, expenses account and other account 0.2, 0.5, 2.5, 1.5 and 0.5 days, respectively. Then, the goal can be expressed in terms of the decision variables as: 
Stage two
At this stage, the auditor should determine the penalty weight for going over each goal. From this, we develop auxiliary variables y 1 to y 4 , where y i represents the amount by which the i th goal is exceeded. Subsequently, the objective function Z is the minimisation of the sum product of the weights and auxiliary variables. 
The y i values indicate the following:
• The audit risk goal is met.
• The audit cost is exceeded by $17, which is negligible.
• The number of staff is exceeded by 5; i.e., 40 staff members would be needed.
• The number of days is exceeded by 4; i.e., the total days would be 104 days.
The reader should note that the first goal is met as it has the highest weight/penalty. However, if the audit manager wanted to give greater priority to another goal, then this could be simply done by changing the weights allocated.
Conclusions
We determined how much audit evidence should be collected in an audit engagement if the audit resources were allocated optimally to the audit objectives and, simultaneously, the audit risk was reduced and the audit quality increased. This method for controlling an ARM uses an innovative technique that is not only easy to use but is also not costly. In fact, this method could be used by an auditor as a corresponding system to control the DR. This paper used GP, a mathematical optimisation technique, to reduce audit risk by considering how to optimise the audit operation factors such as cost, time and staff. The model allows audit service providers to measure audit risk under the audit resource constraints. GP to assess audit risk could be used by the auditor as a complementary tool to increase auditor confidence in controlling audit risk and enhancing audit quality.
In conclusion, this study contributes to the extant auditing literature by justifying the use of GP when measuring audit risk. The use of GP is expected to enhance audit quality by helping external auditors to manage the multi-choice decision making. The study provided evidence that external auditors can use GP in practice to reduce audit risk and DR while optimising the audit resources. Future research should focus on using sequential mathematical models in determining audit risk. Finally, the limitation of using only one GP method, the non-pre-emptive method in particular, is acknowledged as a limitation of this study.
